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Abstract
We study the charged slowly rotating black holes in the Einstein-Maxwell theory
in the large dimensions (D). By using the 1/D expansion in the near region of the
black hole we obtain the effective equations for the charged slowly rotating black holes.
The effective equations describe the charged black ring, the charged slowly rotating
Myers-Perry black hole and the charged slowly boosted black string as stationary so-
lutions. By embedding the solution of the effective equations into the flat spacetime
background in the ring coordinate we obtain the charged black ring solution at large
D analytically. We find that the charge lowers the angular momentum of the black
ring due to the regular condition on the solution. By the perturbation analysis of
the effective equations, we obtain the quasinormal modes of the charge perturbation
and the gravitational perturbation analytically. Like the neutral case the charged thin
black ring suffers from the Gregory-Laflamme-like instability under non-axisymmetric
perturbations, but the charge helps weaken the instability. Besides, we find that the
large D analysis always respect the cosmic censorship.
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1 Introduction
The higher dimensional black holes have much more horizon topology and abundant
physics [2]. The uniqueness of the four-dimensional black hole is lost in higher dimensions.
The protype is the five-dimensional black ring discovered by Emparan and Real [1]. The black
ring is still asymptotically flat, but is of the horizon topology S1 × S2. In the dimensions
higher than five one naturally expect to find such black ring solution, just like the case
that the Myers-Perry (MP) black hole [3] as the higher-dimensional version of the Kerr
solution. However, the exact black ring solution in the dimensions higher than five is still
missing. Many efforts on the higher dimensional black ring solution come from the numerical
analysis and the approximation for thin black ring by using the blackfold method [4]. The
large D (spacetime dimensions) method developed recently offers a promising approximation
framework to address this issue.
The basic idea underlying the large D expansion[5] is that when the spacetime dimension
is very large the radial gradient of the gravitational field around the black hole becomes dom-
inant (∂r ∼ Dr0 ), such that the gravitational field is localized within a short radial distance
∼ r0/D (r0 is the horizon size). This makes the perturbation problems such as the compu-
tation of the quasinormal modes (QNMs) [6–9] much simpler. Moreover for the class of the
decoupled perturbations [6] the black hole can be effectively regarded as a thin membrane
[10, 11] with thickness ∼ r0/D. The shape of the membrane that is the topology of the
horizon is described by the embedding of the membrane into a background spacetime, and
the non-linear dynamics of the membrane is determined by the effective equations obtained
by integrating out the radial direction. By solving the effective equations with proper em-
beddings of the membrane, one can construct different black hole solutions and furthermore
study their dynamics perturbatively to find the quasinormal modes or determine the end
points of their evolutions due to the instability numerically[10–23].
As a direct application of the large D effective theory, the author in [16] constructed
a neutral black ring solution at large D analytically by solving the effective equations for
slowly rotating black hole (whose definition will be given below) and studied its dynamical
instability. In this paper we would like to extend the work in [16] to the charged case in
the Einstein-Maxwell theory at large D. We have strong motivation to study the charged
black ring at large D. First of all, though there have already been some studies on the
charged black ring solutions in five-dimensional supergravity theories (e.g.[24, 25]) and nu-
merical constructions (e.g [26]) in pure Einstein-Maxwell theory, the exact form of a charged
stationary black ring solution in pure Einstein-Maxwell theory is not known. Moreover, the
charged rotating black holes of a spherical horizon topology in higher dimension is poorly
understood as well. For example, the slowly charged rotating black hole has been studied
in [27], in which the rotation is assumed to be slow and could be treated as a perturbation.
Therefore, it would be interesting to discuss the charged rotating black objects in the large
2
expansion.
Instead of specializing to a particular supergravity model, we shall consider the pure
Einstein-Maxwell theory. Although this theory is generically non-supersymmetric, it enters
all gauged supergravities as the basic building block. Therefore one can expect the basic
features of its solutions to be generic. We would like to see whether it is possible to obtain a
charged black ring or a charge black hole in the Einstein-Maxwell theory at largeD. Moreover
it would be interesting to see the physical implications of the charge on the solutions and
their dynamical stabilities.
Roughly speaking, one can imagine a black ring as a rotating bent string such that the
centrifugal force balances the string tension. According to the analysis using the blackfold
method [4], a thin black ring can be identified to be a boosted black string and its horizon
velocity is determined to be
ΩH =
1√
D − 3
1
R
, (1.1)
where R is a ring radius. The thin black ring means R is much larger than the ring thickness.
At large D this is a universal result not just for the thin black ring, because in this case
the string tension is small [5] so is the horizon angular velocity of a large D black ring.
Therefore, a large D black ring has a horizon angular velocity of O(1/√D). This estimation
works also for the charged black ring, since the blackfold method can be used to construct
a thin charged black ring from a charged boosted black string [28] as well. Furthermore the
charge can generate repulsive force to against the string tension. As a result, the horizon
angular velocity in the charged case should be even smaller than (1.1). The black holes with
O(1/√D) horizon angular velocity will be referred to as the slowly rotating black holes.
In this paper, based on the assumption (1.1), we will study the largeD effective theory of a
class of the charged slowly rotating black holes, including the charged black ring, the charged
slowly single-rotating black hole and the charged slowly boosted black string. In section 2 we
solve the Einstein-Maxwell equations with proper metric and gauge field ansatz and obtain
the effective equations for the charged slowly rotating large D black holes. We obtain the
stationary solutions of the effective equations and discuss thermodynamic quantities of the
solutions. In section 3 we construct the charged black ring solution by solving the effective
equations with the embedding of the leading order solution into flat spactime background
in the ring coordinate. By perturbative analysis of the effective equations we obtain the
QNMs of the charge perturbation and the gravitational perturbation around the charged
black ring. We find that the ring suffers from the Gregory-Laflamme-like instability but
the charge helps weaken the instability. We have similar discussions in section 4 on the
charged slowly rotating black hole and the charged slowly boosted black string respectively.
Especially for the charged slowly boosted black string, we show it is related to the black ring
in the large ring radius limit. We end with a summary and some discussions in section 5.
3
2 Effective equations
In this section we consider the large D effective theory for charged slowly rotating black
holes in the Einstein-Maxwell theory. By solving the Einstein-Maxwell equations we obtain
the effective equations, which contains the information on the mass, the charge and the
momentum density of a dynamical black object. In the following for convenience we use 1/n
as the expansion parameter instead of 1/D, where
n = D − 4. (2.1)
2.1 Setup
We would like to solve the Einstein-Maxwell equations
Rµν − 1
2
Rggµν =
1
2
(
FµρF
ρ
ν −
1
4
FρσF
ρσgµν
)
, ∇µFµν = 0, (2.2)
where Fµν = ∂µAν − ∂νAµ. We make the following metric ansatz for the charged slowly
rotating black holes in the ingoing Eddington-Finkelsteins coordinates
ds2 = −Adv2 + 2(uvdv + uadXa)dr + r2GabdXadXb − 2CadvdXa + r2H2dΩ2n. (2.3)
The gauge field ansatz is
Aµdx
µ = Avdv + AadX
a. (2.4)
Here Xa denotes two coordinates (z,Φ) in which Φ can be specified to be the rotational di-
rection. As a gauge choice we can set Ardr = 0 and uadX
adr = 0. Generally, all components
of the metric and the gauge field are functions of (v, r,Xa).
The above form of the metric ansatz is inspired by the form of the MP black hole with
rotation parameter a ∼ O(1/√n). Since we are considering the slowly rotating black hole,
even including the electric charge, the form of the metric keeps invariant. This is similar to
the case that up to leading order of a the higher dimensional charged rotating black hole is
easy to obtain[27], because a only appears in the component gvΦ which can be treated as
a perturbation. Note that the information of the horizon shape in (2.3) is undetermined,
which makes the existence of other solutions such as black ring and black string become
possible.
In order to make 1/n expansion of the Einstein-Maxwell equations properly we need to
know the large D scaling of each component of the metric and the gauge field. The subtlety
concerns the order of CΦ. As we mentioned before, we would like to consider the slowly
rotating black holes, whose horizon velocity is of O(1/√n), so we have
CΦ ∼ O(1/
√
n). (2.5)
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It is useful to introduce a new azimuthal coordinate φ defined by
φ =
√
nΦ, (2.6)
such that in the new coordinate
gvφ = O(1/n), (2.7)
which makes the 1/n expansion more convenient. In terms of φ, the metric and the gauge
field ansatz can be rewritten as
ds2 = −Adv2 + 2uvdvdr + r2Gabdxadxb − 2Cadvdxa + r2H2dΩ2n. (2.8)
and
Aµdx
µ = Avdv + Aadx
a, (2.9)
where xa = (z, φ). At large D the radial gradient becomes dominant, that is ∂r = O(n),
∂v = O(1), ∂a = O(1), so in the near region of black hole it is better to use a new radial
coordinate R defined by
R =
( r
r0
)n
, (2.10)
such that ∂R = O(1), where r0 is a horizon length scale which can be set to be unit r0 = 1.
The large D scaling of the metric and gauge field functions are respectively
A = O(1), uv = O(1), Ca = O(n−1), Gzz = 1 +O(n−1), (2.11)
Gzφ = O(n−2), Gφφ = G(z)
2
n
(
1 +
G
(0)
φφ
n
+O(n−2)
)
, H = H(z), (2.12)
and
Av = O(1), Aa = O(n−1). (2.13)
Note that G and H only depend on z, which comes from the fact that at the asymptotic
infinity both ∂v and ∂φ are the Killing symmetries. Other metric functions and gauge field
functions depend on (v,R, xa).
2.2 Effective equations
To the leading order the Einstein-Maxwell equations (2.2) contain only R-derivatives, so
we can integrate them easily to read the solutions. After imposing the boundary conditions,
the leading order solutions are1
A = 1− pv
R
+
q2
R2
, Av =
√
2q
R
, uv =
H(z)√
1−H ′(z)2 , (2.14)
1In fact G
(0)
φφ is obtained at the next-to-leading order in the 1/n expansion of the Einstein-Maxwell
equations. We list it here because it appears also at the leading order of the Einstein-Maxwell equations.
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Aa = − 1
n
√
2pa q
pv
1
R
, Ca =
1
n
pa
pv
(
pv
R
− q
2
R2
), Gzz = 1 +O(n−2), (2.15)
Gzφ =
1
n2
[
pz pφ
p2v
(
pv
R
− q
2
R2
)− uv
(2G′
G
pφ
pv
− ∂z(pφ
pv
)− ∂φ
(pz
pv
))
ln
(
1− R−
R
)]
, (2.16)
G
(0)
φφ = −
(
2 +
2HG′H ′
G(1−H ′2)
)
lnR+
p2φ
G2p2v
(pv
R
− q
2
R2
)
−
(
2 +
2HG′H ′
G(1−H ′2) +
2H√
1−H ′2G2∂φ
(pφ
pv
))
ln
(
1− R−
R
)
,
(2.17)
where
R− ≡ pv −
√
p2v − 4q2
2
. (2.18)
is one of the real roots of A = 0, with the other one being
R+ ≡ pv +
√
p2v − 4q2
2
. (2.19)
For the charged slowly rotating black holes R+ and R− can be regarded as the outer hori-
zon and the inner horizon of the dynamical black hole respectively. The uncharged case
corresponds to q = R− = 0, which reproduce the results in [16].
In the above expressions, pv = pv(v, x
a), q = q(v, xa) and pa = pa(v, x
a) are the integra-
tion functions of the leading order equations. Physically they can be taken as the mass, the
charge and the momentum density.
Besides the four integration functions mentioned above, the functions G(z) and H(z) are
undetermined. They actually encode the information of the topology of the event horizon.
They can be determined by embedding the leading order solution into a specific background
spacetime. As will be shown, the different embeddings decide different forms of the functions
G(z) and H(z), and thus different black objects, either the black rings, or the black holes or
the black strings.
By performing the “D− 1 + 1” decomposition on a r =constant surface, the momentum
constraint tells us that the function H(z) should satisfy the following relation
1−H ′(z)2 +H(z)H ′′(z) = 0. (2.20)
As a direct result, uv can be treated as a constant, so we denote√
1−H ′(z)2
H(z)
= 2κˆ, (2.21)
where κˆ is a constant and is related to the surface gravity of the horizon as we will see later.
At the next-to-leading order of 1/n expansion, we are able to find non-trivial conditions
on which pv and pa should satisfy. These conditions can be obtained equivalently from the
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momentum constraints on a r=constant surface at the same order of 1/n expansion. The
non-trivial conditions are just the effective equations for the slowly rotating large D black
holes. These equations are listed as follows
∂vq +
H ′(z)
H(z)
pzq
pv
− H
′(z)
2κˆH(z)
∂zq −
∂2φq
2κˆG(z)2
+
1
G(z)2
∂φ
[
pφq
pv
]
= 0, (2.22)
∂vpv +
H ′
H
pz − H
′
2κˆH
∂zpv −
∂2φpv
2κˆG(z)2
+
∂φpφ
G(z)2
= 0, (2.23)
∂vpz − 2pzR−
pvq
∂vq + ∂zpv − H
′
2κˆH
∂zpz +
H ′R−
κˆHpv
[
∂zpz − pz
pv
∂zpv +
pz
q
∂zq
]
+
pφ
G2pv
∂φpz
+
[
pφG
′(3R+ − R−)R−
κˆp2vG
3(R+ − R−) −
pφpz(R+ − R−)
G2p3v
]
∂φpv +
(κˆGpz + pvG
′)(R+ − R−)
κˆG3p2v
∂φpφ
−
[
2pzpφR−
G2pvq
+
2pφqG
′
κˆG3pv(R+ − R−)
]
∂φq − R−
2κˆG2p2v
(∂zpv)(∂φpφ)− 1
2κˆG2pv
∂2φpz
+
R−
2κˆG2pv
[
− pz
pv
∂2φpv +
pz
q
∂2φq −
pφ
pv
∂z∂φpv + ∂z∂φpφ + ∂
2
φpz
]
+
R2−
2κˆG2p2v(R+ − R−)
[pφ
pv
(∂zpv)(∂φpv) +
pz
pv
(∂φpv)
2 − (∂φpv)(∂φpz)
]
+
q
κˆG2pv(R+ − R−)
[
− pz
pv
(∂φpv)(∂φq) + (∂φpz)(∂φq) + (∂zpφ)(∂φq)
− q
pv
(∂φpv)(∂zpφ)− pφ
pv
(∂zpv)(∂φq)
]
+
(R+ − R−)H ′
Hp2v
p2z −
G′
G3pv
p2φ
+
2H ′2R+ − pv
2κˆH2pv
pz +
(R+ − R−)
(
HG′2H ′ +G(G′ −HH ′G′′))
4κˆ2G2H2
= 0,
(2.24)
and
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∂vpφ − 2pφR−
pvq
∂vq − pφH
′R−
2κˆHp2v
∂zpv − H
′R+
2κˆHpv
∂zpφ +
pφH
′R−
κˆHpvq
∂zq +
H ′R−
2κˆHpv
∂φpz +
2pφR+
G2p2v
∂φpφ
−
[p2φ(R+ − R−)
G2p3v
+
pv
(R+ − R−) +
(κˆGpz + pvG
′)H ′
4κˆ2GHpv
− pz(R+ − R−)H
′
4κˆHp2v
+
pvG
′H ′
4κˆ2GH(R+ − R−)
]
∂φpv
+
[
− 2p
2
φR−
G2p2vq
+
4q
(R+ − R−) +
qG′H ′
κˆ2GH(R+ − R−)
]
∂φq − (R+ − R−)
2κˆG2pv
∂2φpφ −
pφR−
κˆG2p2v
∂2φpv
+
pφR−
κˆG2pvq
∂2φq +
R2−
κˆG2p2v(R+ − R−)
[pφ
pv
(∂φpv)
2 − (∂φpv)(∂φpφ)
]
− 2q
κˆG2pv(R+ − R−)
[pφ
pv
(∂φpv)(∂φq)− (∂φpφ)(∂φq)
]
+
[ G′H ′
2κˆGH
+
(R+ − R−)(2κˆGpz + pvG′)H ′
2κˆGHp2v
]
pφ = 0.
(2.25)
It is easy to see that if we set q = 0, so R+ = pv and R− = 0, then we obtain the effective
equations of the uncharged case found in [16]. From these equations we can obtain the
stationary solutions and the non-linear evolution of the dynamical black holes. But as we
mentioned before we can not completely solve these equations without knowing the form of
G(z) and H(z).
2.3 Stationary solutions
To obtain the stationary solutions we need to assume the existence of two Killing vectors
Kv = ∂v and Kφ = ∂φ, then we have
pv = pv(z), q = q(z), pa = pa(z). (2.26)
Now the above effective equations are simplified significantly to the following forms if H ′ 6= 0
pzq
pv
− 1
2κˆ
∂zq = 0, (2.27)
pz =
1
2κˆ
∂zpv (2.28)
∂zpv − H
′
2κˆH
∂zpz +
H ′R−
κˆHpv
[
∂zpz − pz
pv
∂zpv +
pz
q
∂zq
]
+
(R+ − R−)H ′
Hp2v
p2z −
G′
G3pv
p2φ
+
2H ′2R+ − pv
2κˆH2pv
pz +
(R+ − R−)
(
HG′2H ′ +G(G′ −HH ′G′′))
4κˆ2G2H2
= 0,
(2.29)
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and
− pφR−
p2v
∂zpv − R+
pv
∂zpφ +
2pφR−
pvq
∂zq +
[G′
G
+
(R+ − R−)(2κˆGpz + pvG′)
Gp2v
]
pφ = 0. (2.30)
From (2.27) and (2.28) we have
q(z) = Qpv(z), (2.31)
where Q is an integration constant. Plugging (2.28) and (2.31) into (2.30) we obtain
pφ(z) = ΩˆHG(z)
2pv(z). (2.32)
Here ΩˆH is a constant independent of z, whose physical meaning will become manifest from
the metric. Let us write down the (v,Φ) part of the leading order metric of the above
stationary solutions
ds2(v,Φ) = −Adv2 +
(
dΦ− ΩˆH√
n
(1− A)dv
)2
, (2.33)
where A is given by (2.14). It is easy to see that
ΩH = ΩˆH/
√
n, (2.34)
which is exactly the same as the uncharged case shown in [16]. Then we can see that the
event horizon at the surface R = R+, is a Killing horizon of the Killing vector
ξ = ∂v + ΩˆH∂φ. (2.35)
Due to the existence of the Killing vector ξ, the associated surface gravity is given by
κ = −∂r(ξµξ
µ)
2ξr
∣∣∣
R=R+
= nκˆ
√
1− 4Q2 + 4Q2 − 1
2Q2
[
1 +O(1/n)
]
,
(2.36)
which is proportional to κˆ. As κˆ is a constant, so is the surface gravity, which is expected
for the stationary solutions. Now the function A is of the form
A = 1− pv
R
+
Q2p2v
R2
, (2.37)
whose roots are
R± =
1±√1− 4Q2
2
pv. (2.38)
In order to have physical solutions without naked singularity, we must require
1− 4Q2 ≥ 0, (2.39)
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with the equality corresponding to the extremal solutions. This is very similar to the charged
black hole case, as now the rotating is very slowly and can be treated as a perturbation.
Obviously, the parameter pv could be related to the mass. It can be determined from the
last effective equation (2.29). By setting pv(z) = e
P (z), we obtain an ordinary differential
equation
P ′′(z)− H
′(z)
H(z)
P ′(z)
−
[
G′(z)2
G(z)2
+
G′(z)
G(z)H(z)H ′(z)
− G
′′(z)
G(z)
− Ωˆ2H
G(z)G′(z)(1−H ′(z)2)√
1− 4Q2H(z)H ′(z)
]
= 0.
(2.40)
if 1 − 4Q2 6= 0. In order to solve this equation we need the exact form of H(z) and G(z).
However, if 1− 4Q2 = 0, which corresponds to the extremal limit, the above equation is not
valid anymore. Instead, (2.29) is reduced to
Ωˆ2H G(z)G
′(z)pv = 0. (2.41)
It leads to either the trivial solution pv = 0, or the vanishing angular velocity ΩˆH = 0, or
the special case G =constant. In the latter two cases, there is no constraint on the function
pv(z). In the static case ΩˆH = 0, there is a uniqueness theorem on the charged solution
in higher dimensional Einstein-Maxwell theory, the single black hole should be of spherical
topology[29, 30]. Therefore the extreme case is singular and one should take the extreme
limit carefully.
For ΩˆH = 0, the first two stationary equations (2.27) and (2.28) keep invariant, the fourth
one (2.30) vanishes identically, and the third one (2.29) becomes
√
1− 4Q2
[
P ′′(z)− H
′(z)
H(z)
P ′(z)−
(G′(z)2
G(z)2
+
G′(z)
G(z)H(z)H ′(z)
− G
′′(z)
G(z)
)]
= 0, (2.42)
after setting pv(z) = e
P (z). Both the extremal and non-extremal cases are described by this
equation. For the extremal case 1 − 4Q2 = 0, the above equation is satisfied identically.
However, for the non-extremal case, even the near extremal one 1 − 4Q2  1, the above
equation is reduced to
P ′′(z)− H
′(z)
H(z)
P ′(z)−
(G′(z)2
G(z)2
+
G′(z)
G(z)H(z)H ′(z)
− G
′′(z)
G(z)
)
= 0. (2.43)
Although the large D method cannot be directly applied to the extremal case, it is reasonable
to extrapolate the result of the non-extremal case to the extremal limit. However, one should
take the limit carefully, as we will show later.
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From the above general stationary solutions we can also read the corresponding ther-
modynamic quantities by using the Komar integral approach. First let us write down the
leading order metric
ds2 =−
(
1− pv
R
+
Q2p2v
R2
)
dv2 +
dvdr
κˆ
+ r2G(z)2dΦ2 − 2ΩHG(z)2
(pv
R
− Q
2p2v
R2
)
dvdΦ
+ r2dz2 + r2H2dΩ2n,
(2.44)
and the leading order gauge field
Aµdx
µ =
√
2Qpv
R
dv −
√
2ΩHG(z)
2pv
R
dΦ. (2.45)
Here we omit O(1/n) terms. The horizon area AH is given by
AH = pi(1 +
√
1− 4Q2)Ωn
∫
dz G(z)H(z)npv(z). (2.46)
The mass and the angular momentum are given respectively by
M = nκˆΩn
4GD
∫
dz G(z)H(z)npv(z), (2.47)
J = nκˆΩn
4GD
∫
dzΩHG(z)
3H(z)npv(z). (2.48)
From the expression of the angular momentum, it seems that the angular momentum and
the charge are independent of each other. As we shall see later, this is not exactly correct
for the charged black ring, in which they are related to each other by the determination of
the horizon angular velocity ΩH . The charge can be also easily obtained from (2.45) as
Q =
√
2nκˆΩn
4GD
∫
dz QG(z)H(z)npv(z), (2.49)
and the electric potential on the horizon is given by
ΦH = Aµξ
µ
∣∣∣
R=R+
=
√
2(1 +
√
1− 4Q2)
2Q
(
1− ΩHG(z)2
)
. (2.50)
From these results we see that thermodynamic quantities of the charged slowly rotating black
holes satisfy the Smarr formula at the leading order in 1/n expansion as
M = κ
8piGD
AH + ΩHJ + ΦHQ. (2.51)
As the angular velocity ΩH is of O(1/
√
n), so ΩHJ is of O(1) and does not contribute to
the Smarr formula at the leading order.
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3 Charged black ring
In this section, we study the charged black ring at large D. We first construct the black
ring solution by finding the functions G(z) and H(z). Then we discuss the stability of the
solution and show that the presence of charge may weaken the instability.
3.1 Charged black ring solution
The D = n+ 4 dimensional flat metric in the ring coordinate [31] is of the form
ds2 = −dt2 + R
2
(R + rcosθ)2
[
R2dr2
R2 − r2 + (R
2 − r2)dΦ2 + r2(dθ2 + sin2θdΩ2n)
]
, (3.1)
where R is the ring radius, 0 ≤ r ≤ R, 0 ≤ θ ≤ pi and 0 ≤ Φ ≤ 2pi. r = 0 is the origin of
the ring coordinate. On the other hand, in the far region of the black hole where R 1, the
leading order metric we obtained before behaves like
ds2 ' −dv2 + 2H√
1−H ′2dvdr + r
2dz2 + r2G2dΦ2 + r2H2dΩ2n. (3.2)
On a r = constant surface in the far region the induced metric from asymptotic spacetime
background and the one from the near region solution in the large D expansion should match.
Considering the surface r = r0 = 1, which is in the far region since R  1 still corresponds
to r = r0 +O(1/n), and comparing (3.1) with (3.2), we obtain the following identifications
H =
R sin θ
R + cos θ
, G =
R
√
R2 − 1
R + cosθ
,
dθ
dz
=
R + cosθ
R
. (3.3)
Hence G(z) and H(z) are determined. From (2.21) it is easy to obtain
κˆ =
√
R2 − 1
2R
. (3.4)
For a stationary solution the associated surface gravity is still given by (2.36). By these
identifications we can obtain the leading order charged black ring solution as long as we
solve the effective equations. Since R ≥ r, R ≥ 1. The case that R 1 corresponds to thin
black ring, while the case that R ' 1 corresponds to fat black ring.
To solve the effective equations it is convenient to introduce the variable
y = cos θ. (3.5)
For the stationary solution with ∂v and ∂φ being the Killing vectors, we have
pv = e
P (y), pz = pz(y), pφ = pφ(y), q = q(y). (3.6)
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From (2.28) we find
pz(y) = −(R + y)
√
1− y2√
R2 − 1 p
′
v(y). (3.7)
From (2.27) we have
q(y) = Qpv(y). (3.8)
And then from (2.30) we obtain
pφ(y) = ΩˆH
R2(R2 − 1)
(R + y)2
pv(y). (3.9)
Furthermore (2.29) gives an equation for P (y) as
√
1− 4Q2
(
−R+ 2(1 +Ry)P ′(y) + (R+ y)(1 +Ry)P ′′(y)
)
+
R2(R2 − 1)2Ωˆ2H
(R + y)3
= 0. (3.10)
If 1− 4Q2 6= 0, we have
P ′′(y) +
2
R + y
P ′(y)− R
(R + y)(1 +Ry)
+ Ωˆ2H
R2(R2 − 1)2√
1− 4Q2(R + y)4(1 +Ry) = 0. (3.11)
The above equation contains a pole at y = −1/R, which leads to a logarithmic divergence
at y = −1/R for the solution P (y). In order to have a regular solution we need ΩˆH to be
ΩˆH = (1− 4Q2)1/4
√
R2 − 1
R2
. (3.12)
In fact in some supergravity settings, for the five dimensional charged black rings [24, 25] and
the higher dimensional thin charged black rings constructed by the blackfold method[4, 31],
the similar identity has been derived from the regularity of solution and dynamical balance
condition of the boosted black string. From this expression and (2.48) we can read that, with
the increase of the charge Q, the angular momentum needed to balance the tension of the
black ring decreases. This is consistent with the intuitive picture that the electric repulsive
force can be used to contend with the attractive tension of the rotating black string.
Under the above condition the solution to the equation (3.11) is given as
P (y) = P0 +
P1
R + y
+
(1 +Ry)(1 +Ry + 2R(R + y) ln(R + y))
2R2(R + y)2
, (3.13)
where P0 and P1 are the integration constants. P0 is the redefinition of r0 and P1 comes
from the redefinition of the φ coordinate of the ring coordinate [16]. Summarizing the above
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results, the metric of the charged black ring solution at the leading order in the large D
expansion is of the following form
ds2 =−
(
1− pv(z)
R
+
Q2pv(z)
2
R2
)
dv2 +
dvdr
κˆ
+ 2
[(R + y)√1− y2p′v(y)√
R2 − 1
( 1
R
− Q
2pv(y)
R2
)dz
n
− ΩˆHR
2(R2 − 1)
(R + y)2
(pv(y)
R
− Q
2pv(y)
2
R2
)dφ
n
]
dv
− r2 2ΩˆH
√
1− y2√R2 − 1R2p′v(y)
R + y
( 1
R
− Q
2pv(y)
R2
)dzdφ
n2
+ r2
R2(R2 − 1)
(R + y)2
[
1− 2R(R + y)
R2 − 1
lnR
n
+ Ωˆ2H
R2(R2 − 1)
n(R + y)2
(pv(y)
R
− Q
2pv(y)
2
R2
)
− 2R(R + y)
n(R2 − 1) ln
(
1− R−
R
)]dφ2
n
+ r2dz2 +
r2R2(1− y2)
(R + y)2
dΩ2n,
(3.14)
and the gauge field is of the form
Aµdx
µ =
√
2Qpv(y)
R
dv +
1
n
(R + y)
√
1− y2√
R2 − 1
√
2Qp′v(y)
R
dz − 1
n
ΩˆHR
2(R2 − 1)
(R + y)2
√
2Qpv(y)
R
dφ.
(3.15)
Similar to the uncharged case [16], the solution blows up at R = 1, which indicates that the
large D expansion is not valid for the very fat black ring (R → 1). But other cases can be
described well by the solution, including the thin black ring (R 1) and the black ring not
very thin (R > 1).
If 1 − 4Q2 = 0, that is the extremal limit, (3.11) is not valid anymore, instead there is
condition
ΩˆH = 0. (3.16)
Now the solution becomes static. Physically, this is reasonable as we can treating the rotation
as a small perturbation in the charged black hole background, so in the extreme charge limit,
the rotation should be vanishing, otherwise it would lead to the violation of cosmic censorship.
In the ΩˆH → 0 limit, the solution (3.14) is still well-defined but it has a null singularity at
the event horizon. The similar phenomenon also occurs for the boosted black string and in
[24]. We may think that the singular behavior is a property of the solution itself instead of
being brought by the limitation of the large D method.
3.2 Phase diagram
From the charged black ring solution we obtained by the large D expansion, we are able
to draw the phase diagram of the solution. The thermodynamic quantities for a stationary
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solution have already been given in section 2.2. Using the embedding (3.3) and the relation
dz = − R
R + y
1√
1− y2dy, (3.17)
we can obtain the corresponding thermodynamic quantities for the charged black ring. The
horizon area is given by
AH = 2piΩnAˆH , (3.18)
where
AˆH = 1 +
√
1− 4Q2
2
∫
dy
R2
√
R2 − 1eP (y)
(R + y)2
√
1− y2
(
R
√
1− y2
R + y
)n
. (3.19)
The mass, the angular momentum and the charge are given respectively by
M = nΩn
8GD
Mˆ, J =
√
nΩn
8GD
Jˆ , Q =
√
2nΩnQ
8GD
Mˆ, (3.20)
where
Mˆ =
∫
dy
R(R2 − 1)eP (y)
(R + y)2
√
1− y2
(
R
√
1− y2
R + y
)n
, (3.21)
and
Jˆ =
∫
dy
(1− 4Q2)1/4R(R2 − 1)5/2eP (y)
(R + y)4
√
1− y2
(
R
√
1− y2
R + y
)n
. (3.22)
From (2.36), the temperature of the charged black ring is given by
T =
κ
2pi
=
n
4pi
√
R2 − 1
R
√
1− 4Q2 + 4Q2 − 1
2Q2
. (3.23)
The horizon angular velocity of the charged black ring is given by
ΩH =
ΩˆH√
n
=
(1− 4Q2)1/4√
n
√
R2 − 1
R2
. (3.24)
According to [4], we can define the following dimensionless quantities: the spin j, the area
aH , the angular velocity ωH and the temperature tH , by fixing the mass as a basic scale such
that the charge is also fixed for a given charge parameter Q
jn+1 = cj
J n+1
GDMn+2 , a
n+1
H = ca
An+1H
(GDM)n+2 (3.25)
ωH = cωΩH(GDM) 1n+1 , tH = ct(GDM) 1n+1T, (3.26)
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Figure 1: The (j, aH) phase diagram of the large D charged black ring solution for n =
20(D = 24). The ring radius R runs from 1.1 to 20, so both the not-thin region and thin
region (R  1) are covered. The solid curve shows the behavior of the uncharged case
Q = 0. The dashed line shows the behavior of the charged case with Q = 0.2.
where the numerical constants are defined by
cj =
Ωn+1
2n+5
(n+ 2)n+2
(n+ 1)(n+1)/2
, ca =
Ωn+1
2(16pi)n+1
n(n+1)/2(n+ 2)n+2
(n+ 1)(n+1)/2
, (3.27)
and
cω =
√
n+ 1
(n+ 2
16
Ωn+1
)− 1
n+1
, ct = 4pi
√
n+ 1
n
(n+ 2
2
Ωn+1
)− 1
n+1
. (3.28)
Then we can easily evaluate j, aH , tH and ωH numerically for the large D charged black ring
solution by using (3.19), (3.22) and (3.21), where P (y) is given by (3.13). For convenience
we set P0 = P1 = 0. Figure 1 shows the phase diagram of (j, aH) for the charged black ring
solution with different charge parameters, where R runs from 1.1 to 20 and n = 20. The
solid curve corresponds to the uncharged case Q = 0, and the dashed curve corresponds to
Q = 0.2. Qualitatively two curves share the same behavior. But the effect of the charge is
also clear: both aH and j decrease with the charge.
Figure 2 shows the phase diagram of (j, tH) and (j, ωH) for the large D charged black
ring solution. It is clear that the charged chase with Q = 0.2 is similar to the uncharged
case, and the charge lowers both tH and ωH .
3.3 Quasinormal modes
Taking a further step, now we would like to study the quasinormal modes of the charged
black ring solution we obtained before. The quasinormal modes are obtained by the pertur-
bation analysis of the effective equations around the stationary charged black ring solution.
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Figure 2: The (j, tH) (left panel)and (j, ωH) (right panel) phase diagram of the large D black
ring solution. The solid and dashed line corresponds to the uncharged (Q=0) and charged
case (Q=0.2) respectively.
The perturbation ansatz is
q(v, y, φ) = QeP (y)
(
1 + e−iωveimφFq(y)
)
, (3.29)
pv(v, y, φ) = e
P (y)
(
1 + e−iωveimφFv(y)
)
, (3.30)
pz(v, y, φ) = −(R + y)
√
1− y2√
R2 − 1 e
P (y)P ′(y)
(
1 + e−iωveimφFz(y)
)
, (3.31)
pφ(v, y, φ) = (1− 4Q2)1/4 (R
2 − 1)3/2
(R + y)2
eP (y)
(
1 + e−iωveimφFφ(y)
)
. (3.32)
There is a subtlety about the order of the azimuthal quantum number m associated with ∂φ.
The original coordinate in the metric is Φ, whose range is 0 ≤ Φ ≤ 2pi, hence the associated
azimuthal number mΦ is quantized as an integer. Due to the relation of φ and Φ, mΦ is
related with m by
mΦ =
√
nm. (3.33)
Therefore m does not have to be an integer unless mΦ is as large as O(
√
n). In [16], the
author considered the case with m = O(1), that is mΦ = O(
√
n), it turns out that the only
unstable mode is the GL-like instability. However the case mΦ = O(1) is also important
since now a new elastic-type (named by the property that this mode deforms the black
ring without substantially changing its thickness) instability emerges, as first found by the
numerical study in [32], and then by the large D study in [17] . To investigate the elastic
instability, the O(1/n2) corrections to the effective equations are required. This is more
complicated for the charged case, so in this paper we only consider the normal GL-like
instability and wish that we may come back to study the more involved new elastic-type
instability in the future.
Since we restrict ourself to the case with m = O(1), the form for the perturbations
around the stationary solutions is appropriate. Substituting the above perturbations into
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the effective equations, and keeping the leading order of , we obtain four ordinary differential
equations for Fv(y), Fq(y), Fz(y) and Fφ(y) with ω being undetermined. In order to solve
the perturbation equations we need to impose the boundary conditions. Due to the singular
behavior of the effective equations at y = −1/R, we could assume that at the pole y = −1/R,
Fv(y) behaves like
Fv(y) ∝ (1 +Ry)`, (3.34)
such that the perturbation fields may have regular solutions. Here ` is an non-negative
integer, it is just the quantum number associated with the harmonics in the ring coordinates.
This can be seen clearly once we take the large ring radius limit R→∞ and relate the black
ring with the boosted black string. In practice we do not have to solve the four perturbation
equations on F ’s to find the explicit forms of the perturbation functions. Instead, with the
help of the above boundary condition (3.34), we are able to obtain the quasinormal mode
condition for the frequency ω.
We have two kinds of the perturbations, the charge perturbation and the gravitational
perturbation. The charge perturbation is defined by Fv(y) 6= Fq(y), which describes the
fluctuation with a net charge. The gravitational perturbation is defined by Fv(y) = Fq(y),
which describes density fluctuation.
Charge perturbation For the charge perturbation, from the perturbation equations we
obtain
ωc =
√
R2 − 1
R
[√
1− 2b0 mˆ− i(mˆ2 + `)
]
, (3.35)
where mˆ = m/R. Hence the charge perturbation is stable.
Gravitational perturbation Due to the special form of the metric ansatz, the vector-
type perturbation can be studied only for the charged slowly rotating black hole. For the
charged black ring and the charged slowly boosted black sting, the momentum densities other
than pz are needed to consider the vector-type perturbation. Here we only consider the most
interesting scalar-type gravitational perturbation. The quasinormal mode condition for the
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scalar-type gravitational perturbation is given by
(1− 2b0)R9ω3 + i(1− 2b0)R6
√
R2 − 1
(
3a0m
2 + 3i
√
1− 2b0mR) + a0(3`− 2)R2
)
ω2
− (1− 2b0)R3(R2 − 1)
(
(3− 6b0 + 2b20)m4 + 6ia0
√
1− 2b0m3R + 2m2R2((3− 6b0 + 2b20)`
− 2(2− 4b0 + b20)) + 2ia0
√
1− 2b0(3`− 2)mR3 + (3− 6b0 + 2b20)`(`− 1)R4
)
ω
+ i(R2 − 1)3/2
(
−a0(1− 2b0)2m6 + i
√
1− 2b0(−3 + 12b0 − 14b20 + 4b30)m5R
+ 3(2b0 − 1)(1− 3b0 + 2b20)(`− 2)m4R2 − 2i(1− 2b0)3/2(3− 6b0 + 2b20)(`− 1)m3R3
+ i
√
1− 2b0(−3 + 12b0 − 14b20 + 4b30)`(`− 1)mR5 − a0(1− 2b0)2`2(`− 1)R6
− a0(1− 2b0)2(4− 7`+ 3`2)m2R4
)
= 0,
(3.36)
where we have introduced a0 and b0 to simplify the above expressions
a0 =
1 +
√
1− 4Q2
2
, b0 =
1−√1− 4Q2
2
. (3.37)
The neutral version of the above equation, with a0 = 1 and b0 = 0, is reduced to the
quasinormal mode condition found in [16]. Note that the extremal case corresponds to
a0 = b0 = 1/2. The equation (3.36) is a cubic equation and can be solved analytically.
Qualitatively, the quasinormal modes are quite similar to the ones of the neutral ring. For
` 6= 0 and m 6= 0, all modes are stable.
For ` = 0 and m 6= 0, the quasinormal condition can be solved by
ω
(`=0)
0 =
√
R2 − 1
R
[
mˆ− ia0(mˆ2 − 2)
]
, (3.38)
and
ω
(`=0)
± =
√
R2 − 1
R
[√
1− 2b0mˆ± imˆ(
√
a0 − b0 + b20 mˆ2 ∓ a0mˆ)
]
, (3.39)
The mode with ω
(`=0)
0 can be regarded as a gauge mode, since when taking the large radius
limit R  1, the corresponding counterpart of the boosted black string does not exist. On
the contrary as we will see later, the modes with ω`=0± have correspondents in the boosted
black string. The real and imaginary parts of the quasinormal modes ω
(`=0)
± are plotted in
Figure 3, with m = 0 and b0 = 0.2.
Identical to the neutral case [16], the real part of ω
(`=0)
+ always saturates the superradiant
condition
Re
[
ω
(`=0)
+
]
= mΩˆH , (3.40)
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Figure 3: The frequencies ω
(`=0)
+ (solid line) and ω
(`=0)
− (dashed line) of the scalar-type
quasinormal modes of the charged black ring with ` = 0, m = 2 and b0 = 0.2 . The real part
and the imaginary part are depicted in the left and right panel respectively, both of which
are in unit of the reduced surface gravity κˆ. Im[ω
(`=0)
+ ] is positive for R > 2 which signals
an GL-like instability.
where ΩˆH is defined by (3.12). The same relation has also been found in the equally rotating
and singly rotating Myer-Perry black holes at large D [8, 15, 20]. However, by adding the
1/n correction, it turns out that above condition does not hold any more. We expect the
same thing happens for the charged case.
When R > m, ω
(`=0)
+ has a positive imaginary part, indicating the instability. It is
interesting to observe that the critical ring radius R = m at which Im[ω
(`=0)
+ ] vanishes is
independent of the charge.
The presence of electric charge makes the GL-like instability weaker. From Figure 4, it is
easy to find that a larger b0 leads to a smaller Im[ω
(`=0)
+ ]. This effect is different from the one
in the charged MP black hole [20] constructed by taking the large D boost transformation
between equally rotating MP black hole and Schwarzschild black hole. Here the charge
and the angular velocity ΩˆH is related by (3.12), a larger charge means a smaller angular
momentum via (2.48), but in [20] the rotation and the charge are independent of each other,
so the electric charge can enhance the ultraspinning instability.
At the extremal case, b0 = a0 = 1/2 such that ω
(`=0)
+ = 0 and the black ring seems to
become marginally unstable. The similar phenomenon appears in the discussion of boosted
black string as well, see section 4.2.
For the axisymmetric modes m = 0, the QNM condition is solved by
ω
(m=0)
0 = −i
√
R2 − 1
R
a0`, (3.41)
and
ωm=0± =
√
R2 − 1
R
[
−ia0 (`− 1)±
√
(`− 1)(a20 − b20`)
]
. (3.42)
The frequencies of the quasinormal modes are the same as the ones of the large D RN black
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Figure 4: Dependence of Im[ω
(`=0)
+ ] of the charged black ring on the electric charge with
` = 0, m = 2 and R = 1/2.
hole2[12, 13] up to a multiplicative factor characterizing the finiteness of the ring. This is
easy to understand since for m = 0 the perturbation has no dependence on φ, so the situation
is just like a (D − 1)-dimensional RN black hole, with the only difference being that the φ
direction is compact now.
Note that the mode ω
(m=0)
0 should correspond to the vector gravitational perturbations
of the RN black hole. The reason for this is similar to the one for the MP black hole [8].
When discussing the perturbation of the RN black hole we usually use vector harmonics on
SD−2 with the angular momentum number `v. The subtlety is that the vector harmonics
on SD−2 can be decomposed into two scalar harmonics on SD−4, with the corresponding
angular momentum number ` = `v ± 1. So the ω0 mode is just the vector-type gravitational
perturbations of the RN black hole with ` = `v − 1.
Like the neutral case, the axisymmetric perturbation does not show any instability at
leading order of 1/n. However, numerical study [32, 33] showed that for neutral fat black ring
in five dimensions the axisymmetric perturbations are unstable. It is natural to expect such
phenomena exists for the charged black ring as well. The reason why the large D expansion
can not capture this feature is not clear at present.
3.4 Black string limit
It is well known that when the ring radius R  1, that is the black ring is very thin,
the black ring is identical to a boosted black string [4]. In the following we show this point
clearly. At the large ring radius limit, from (3.11) P (y) behaves like
P (y) = O(1/R), (3.43)
2The charge introduced in [12, 13] is slightly different from ours. In their notations, a0 = 1/(1 +Q
2) and
b0 = Q
2/(1 +Q2).
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by setting P0 = P1 = 0. The black ring solution (3.14) at the large radius limit becomes
ds2 = −
(
1− 1
R
+
Q2
R2
)
dv2 + 2dvdr − 2
√
1− 2b0
n
( 1
R
− Q
2
R2
)
dvdx
+
[
1 +
(1− 2b0)
n
( 1
R
− Q
2
R2
)
− 2
n
ln
(
1− b0
R
)]
dx2 + r2dz2 + r2dΩ2n,
(3.44)
and the gauge field (3.15) becomes
Aµdx
µ =
√
2Q
R
dv −
√
1− 2b0
n
√
2Q
R
dx, (3.45)
where the string direction dx is identified by dx = RdΦ = Rdφ/
√
n. Under such large radius
limit, the above expressions are just the ones of the boosted black string at large D (see
(4.25)) with the boosted velocity α given by
sinhα =
√
1− 2b0
n
. (3.46)
It is obvious when there is charge, the boost transformation depends on it and at the extremal
limit the boost velocity becomes zero. We can use the boost relation to associate the large
radius limit of the QNMs ω
(`=0)
± of the charged black ring with the ones of the charged black
string. The QNMs of the charged black string were obtained in [18] by using the large D
effective theory. In section 4.2 we give the direct derivation of the QNMs of the boosted string
from the effective equations, and show that they are related to the ones of [18] by a simple
boost transformation. For the S-wave sector of the gravitational perturbation ∼ e−iωv+ikx,
the QNMs are given by
ωst± = ±ikˆ
√
kˆ2b20 + a0 − b0 − ia0kˆ2, (3.47)
where kˆ = k/
√
n is the quantum number with respect to φ. The corresponding QNMs of
the boosted black string is obtained by performing such boost transformation
dv → coshα dv − sinhα dx, dx→ coshα dx− sinhα dv, (3.48)
with the boost velocity given by (3.46). This leads to
ωbst± = k sinh α + ω
st
± cosh α. (3.49)
Taking into account of the identification kˆ = mˆ, the above frequencies are in accord with
the ones of the QNMs of the charged black ring (3.39) in the large radius limit.
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4 Other Charged Slowly Rotating Black Objects
The effective equations in the large D expansion found in section 2 can actually describe
other charged slowly rotating black objects, including the black holes and the black strings.
In this section, we discuss these two cases briefly. The essential point in the construction is
to determine the functions G(z) and H(z) in different cases.
4.1 Charged Slowly Rotating Black Holes
To discuss the charged slowly rotating black hole, we need to consider the metric of
D = n+ 4 dimensional flat spacetime in spherical coordinate
ds2 = −dt2 + dr2 + r2(dz2 + sin2 z dΦ2 + cos2 z dΩ2n). (4.1)
As before, the embedding of the leading order metric is obtained by taking r = 1. This leads
to the identification
H(z) = cos z, G(z) = sin z. (4.2)
It is clear that the relation (2.20) is satisfied. From (2.21) and (2.36) we get
κˆ =
1
2
, κ =
n
2
√
1− 4Q2 + 4Q2 − 1
2Q2
. (4.3)
Stationary solution Directly from (2.28), (2.31) and (2.32) we obtain
q(z) = Qpv(z), pz(z) = p
′
v(z), pφ(z) = aˆ sin
2 z pv(z), (4.4)
where in order to compare with the familiar rotation parameter we introduce aˆ = ΩˆH in
(2.32). Furthermore pv(z) = e
P (z) can be determined by (2.29). For 1 − 4Q2 6= 0 after
substituting (4.4) and (4.2) into (2.29) we have
P ′′(z) + P ′(z) tan z − aˆ
2cos2 z√
1− 4Q2P (z) = 0, (4.5)
whose solution is
P (z) = p0 + d0 sin z − aˆ
2cos2 z
2
√
1− 4Q2 . (4.6)
Similar to the uncharged case in [16], here the integration constants p0 and d0 describe trivial
deformations of the solution, so we set them to be zero. Then we completely determine the
stationary solution of the effective equations.
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The metric and the gauge field of the solution are of the following form
ds2 =−
(
1− pv(z)
R
+
Q2pv(z)
2
R2
)
dv2 + 2dvdr − 2a sin2 z
(pv(z)
R
− Q
2pv(z)
2
R2
)
dvdΦ
− 2 p
′
v(z)
n
( 1
R
− Q
2pv(z)
R2
)
dvdz + r2 sin2 z
[
1 + a2 sin2 z
(pv(z)
R
− Q
2pv(z)
2
R2
)]
dΦ2
+
2r2
n
a p′v(z) sin
2 z
(pv(z)
R
− Q
2pv(z)
2
R2
)
dzdΦ + r2dz2 + r2 cos2 z dΩ2n,
(4.7)
and
Aµdx
µ =
√
2Qpv(z)
R
dv − 1
n
√
2Qp′v(z)
R
−
√
2a sin2 z pv(z)
R
dΦ. (4.8)
This solution describes the D = n+ 4 dimensional charged slowly rotating black hole in the
Einstein-Maxwell theory, with a = aˆ/
√
n. When aˆ = 0, it is easy to see that the solution is
reduced to the RN black hole, which is expected. When Q = 0, that is the neutral case, the
solution can be related to the slowly rotating MP black hole by a coordinate transformation.
Due to the fact that there is no exact form of the charged rotating black hole, namely the
analog of Kerr-Newman solution, in the dimensions higher than four, it seems impossible to
check the validness of our solution. However, in [27], the charged rotating black hole with
a single small angular momentum has been discussed. In the obtained solution, only the
linear order term in a appears in the metric and the higher order terms are omitted. At the
leading order in the 1/n expansion and keep leading order of a, the solution we constructed
above simply reproduces the solution in [27]. This strongly supports that we have obtained
the correct charged slowly rotating black hole solution in the Einstein-Maxwell theory with
a ∼ O(1/√n).
The discussion on the effective equation at large D for the charged rotating black holes
becomes subtle in the extremal limit. In this limit, 1 − 4Q2 → 0, P (z) → −∞, we would
have pv = q = pz = pφ = 0, which leads to a flat metric and a vanishing gauge field. This
is not a reasonable result. The reason why this phenomenon occurs is that when doing the
1/n expansion we need to specify the large D scaling of every function in the metric and
the gauge potential. As discussed in section 2.1, we have already assumed that P (z) = O(1)
(note that both aˆ = 0 and Q = 0 belong to this situation), then for consistence we should
require that 1−4Q2 is of O(1). When approaching the extremal limit like √1− 4Q2 = e/n,
where e is an quantity of O(1), then pv(z) becomes like e−nk(z), where k(z) is a function of
z and is of O(1), and the 1/n expansion breaks down. We may make an estimation for the
validness of the 1/n expansion. We should demand that
aˆ2√
1− 4Q2  n, (4.9)
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in order to keep P (z) = O(1). In other words, the charge Q is required to satisfy
1− 4Q2  aˆ
4
n2
. (4.10)
This condition gives a more restrictive constraint on the charge than (2.39). When Q = 0,
the above condition becomes
aˆ √n, (4.11)
this is consistent with the previous assumption that the horizon angular velocity is of
O(1/√n). Physically, we can understand this phenomenon as follows. Even though the
black hole is very slowly rotating, it provides a centrifugal force (emerges only at the second
order of a), which could be tiny but could not be neglected in the extremal limit. If we
naively take the extremal limit 1 − 4Q2 = 0, the existence of the extra angular momentum
makes the black hole unphysical, breaking the cosmic censorship. In order to have a physi-
cally acceptable solution, we must have the condition (4.10). Therefore, we may just assume
that
aˆ = (1− 4Q2)1/4 bˆ, (4.12)
where bˆ is of order 1. In terms of bˆ, P (z) now becomes like
P (z) = − bˆ
2 cos2 z
2
, (4.13)
which is regular even in the extremal limit bˆ = 0. The relation in (4.12) is similar to (3.12)
for the charged black ring. The difference is that the solution here is regular at the event
horizon, while the obtained charged black ring is singular at the event horizon in the extremal
limit.
Quasinormal modes Now let us investigate the quasinormal modes of the charged slowly
rotating black hole. First consider the following perturbation around the aforementioned
stationary solution
pv(v, z, φ) = e
− bˆ2 cos2 z
2
(
1 + Fv(z)e
−iωveimφ
)
,
q(v, z, φ) = Qe−
bˆ2 cos2 z
2
(
1 + Fq(z)e
−iωveimφ
)
,
pz(v, z, φ) = bˆ
2sin z cos z e−
bˆ2 cos2 z
2
(
1 + Fz(z)e
−iωveimφ
)
,
pφ(v, z, φ) = (1− 4Q2)1/4 bˆ sin2 z e− bˆ
2 cos2 z
2
(
1 + Fφ(z)e
−iωveimφ
)
.
(4.14)
Then plugging these ansatz into the effective equations, and taking in account that at z = 0,
Fv(z) ∝ z`, which stems from the large D behavior of spherical harmonics on Sn+1 [8], we
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can determine the frequencies of the quasinomal modes. Moreover, for simplicity we focus
on the case m = O(1/n), A more convenient quantity m¯ is defined by
m¯ = nm, (4.15)
which now is of order O(1). Then the QNM frequencies are characterized by `, m¯ and bˆ.
Charge perturbation For the charge perturbation, from the perturbation equations we
obtain
ωc = −i`, (4.16)
which suggest that the perturbation is stable.
Vector-type gravitational perturbation For the charged rotating black hole, it is pos-
sible to discuss the vector-type gravitational perturbation. We find the QNM frequency
ωv = −ia0`. (4.17)
Scalar-type gravitational perturbation For the scalar-type gravitational perturbation,
we have
ω0 = −ia0(`− 2), ω± = −ia0 (`− 1)±
√
(`− 1)(a20 − b20`), (4.18)
with a0 and b0 being defined in (3.37). Note that the modes with the frequency ωv and ω0
correspond to the vector-type gravitational perturbations of the RN black hole with ` = `v−1
and `v+1 respectively, where `v is the the angular momentum number of the vector harmonics
on SD−2. The modes with ω± reproduce the QNMs of the RN black hole [12, 13]. This is
expected since we are considering a slowly rotating black hole with m = O(1/n), at leading
order the dependence of the perturbation on φ disappears and the QNMs are captured by
the ones in the RN black hole with one lower dimensions. At the next order in 1/n, like the
neutral case [16] m¯ will appear in the QNMs.
As observed in [20], the charge can enhance the ultraspinning instability of rotating MP
black holes. Even the rotation is small but the charge is large, the black hole can still be
unstable. However we cannot find this behavior in the solution we found. The reason is
that here we consider a = O(1/√n) hence the effect of the rotation is pushed to the next
order, as demonstrated in the neutral case [16]. In order to see the effect of the charge on
the instability we should consider the case with a = O(1), the discussion of which should
be more complicated. Nevertheless, we may still see some indications. When the charge is
large enough, the frequency ω+ becomes imaginary and increases with the charge. When
a0− b0 = 0, ω+ = 0, so this solution branch has potential to develop instability if adding the
rotation. The similar phenomenon has been found for equally rotating MP black holes [20].
In this sense, the charge may help to destabilize the rotating black hole.
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4.2 Charged slowly boosted black string
To discuss the black string, we consider the embedding in the spherical coordinate. The
metric of D = n + 4 dimensional spacetime with one compact direction in the spherical
coordinate is
ds2 = −dt2 + dΦ2 + dr2 + r2(dz2 + sin2z dΩ2n), (4.19)
where Φ is the coordinate of the compact direction. The embedding of r = 1 of the leading
order metric into the above background gives the following identifications
G(z) = 1, H(z) = sin z. (4.20)
Since the embedded solution has S1×Sn+1 horizon topology, the effective equations describe
the non-linear dynamical deformations of the charged slowly boosted black string. For
stationary solution we have
pv(z) = e
P (z), pφ = pφ(z), pz = pz(z). (4.21)
Stationary solution Directly from (2.28), (2.31) and (2.32) we have
q(z) = Qpv(z), pφ(z) = σˆpv(z), pz(z) = p
′
v(z). (4.22)
Here σˆ is an integration constant describing the boost effect of the black string. For 1−4Q2 6=
0, the equation of P (z) is given by
P ′′(z)− cot z P ′(z) = 0, (4.23)
which can be solved easily and leads to
pv(z) = e
p0+p1cos z. (4.24)
The integration constants p0 and p1 are trivial deformations: p0 is the 1/n redefinition of r0,
and p1 is the redefinition of z coordinate. We may set them to be zero. Then we can write
down the leading order metric
ds2 =−
(
1− 1
R
+
Q2
R2
)
dv2 + 2dvdr +
σˆ√
n
( 1
R
− Q
2
R2
)
dvdΦ
+
[
1 +
σˆ2
n
( 1
R
− Q
2
R2
)
− 2
n
ln
(
1− b0
R
)]
dΦ2 + r2dz2 + r2dΩ2n,
(4.25)
and the gauge field
Aµdx
µ =
√
2Q
R
dv − σˆ√
n
√
2Q
R
dΦ. (4.26)
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The metric is related to the one in [18, 19, 28] by a boost transformation with the boost
velocity β
sinh β =
σˆ√
n
. (4.27)
Comparing (4.25) with (3.44), we see that when the boost velocity of the charged boosted
black string takes a specific value, that is β = α, where α is defined by (3.46), then the large
radius limit of the charged black ring is reproduced.
For 1 − 4Q2 = 0, (2.41) is satisfied automatically since G′(z) = 0 so we do not find any
constraint on the solution in the extremal limit. As we mentioned before, the solution (4.25)
has a singularity at the event horizon, from [28] we know that this singularity stems from
the behavior of the solution itself.
Non-uniform charged black string Another stationary solution of the effective equa-
tions is the non-uniform black string which is believed to be the endpoint of the evolution of
the large D charged black string, as showed in [18, 37]. The non-uniform means the solution
is inhomogeneous along the Φ direction. In this case, there is only one Killing vector ∂v.
Moreover, we do not need the z dependence anymore, so pz can be set to zero. We have
pv = pv(φ), q = q(φ), pφ = pφ(φ). (4.28)
Then from the effective equations we have
q = Qpv(φ), pφ = p
′
v(φ), (4.29)
and
∂3φpv + ∂φpv −
2∂φpv∂
2
φpv
pv
+
(∂φpv)
3
p2v
= 0. (4.30)
This equation can be solve numerically, but we will not pursue this anymore.
Quasinormal modes Let us now investigate the quasinormal modes of the charged boosted
black string we constructed above. Considering the perturbations around the stationary so-
lution,
pv(v, z, φ) = 1 + Fv(z)e
−iωv+ikˆφ,
q(v, z, φ) = Q
(
1 + Fq(z)e
−iωv+ikˆφ),
pz(v, z, φ) = Fz(z)e
−iωv+ikˆφ,
pφ(v, z, φ) = σˆ
(
1 + Fφ(z)e
−iωv+ikˆφ).
(4.31)
As before after plugging these expressions into the effective equations and taking into account
that at z = 0, Fv(z) ∝ z`, then we obtain the QNMs for the charge perturbation and the
scalar type gravitation perturbation respectively as follows.
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Charge perturbation The QNM frequency for this type perturbation is
ωc = kˆσˆ − i(kˆ2 + `). (4.32)
Obviously, the charge perturbation is stable.
Gravitational perturbation For the scalar-type gravitational perturbation, we obtain
the quasinormal mode condition
ω3 + ω2
[
(−2i+ 3ikˆ2 + 3i`)a0 − 3σˆkˆ
]
+ ω
[
`2(1− 2a20 − 2a0) + `
(− 1 + 2kˆ2 + a20(2− 4kˆ2)
+ a0(2− 4kˆ2 − 6ikσˆ)
)
+ kˆ4(1− 2a20 − 2a0)− 6ia0kˆ3σˆ + kˆ2(−1 + 2a0 + 4a20 + 3σˆ2)
+ 4ia0kˆσˆ
]
+ i`3a0(1− 2a0) + `2
(
− kˆσˆ + 2a20(i− 3ikˆ2 + kˆσˆ) + a0(−i+ 3ikˆ2 + 2kˆσˆ)
)
+ `kˆ
(
σˆ − 2kˆ2σˆ + a20(8ikˆ − 6ikˆ3 − 2σˆ + 4kˆ2σˆ) + a0
(
3ikˆ3 − 2σˆ + 4kˆ2σˆ + ikˆ(−4 + 3σˆ2)))
+ kˆ2
(
2a20(kˆ
2 − 2)(i− ikˆ2 + kˆσˆ) + ia0
(
2 + kˆ4 + 2ikˆσˆ − 2ikˆ3σˆ − 2σˆ2 + 3kˆ2(−1 + σˆ2))
− kˆσˆ(−1 + kˆ2 + σˆ2)
)
= 0.
(4.33)
When a0 = 1, the above equation is reduced to the quasinormal mode condition of the slowly
boosted black string [16]. For ` = 0, this cubic equation of ω is easy to solve,
ω
(`=0)
0 = kˆσˆ − ia0(kˆ2 − 2), ω(`=0)± = kˆσˆ ± ikˆ
(√
b20 kˆ
2 + a0 − b0 ∓ a0kˆ
)
. (4.34)
The mode ω`=00 should be discarded as it is a gauge mode. This is reflected in the fact that
when a0 = 1 and σˆ = 0, the direct calculation from the metric perturbation in [5, 7] shows
that no such counterpart exists. The remaining two solutions are physical and correspond
to the quasinormal modes of the S-wave sector of the scalar type gravitational perturbation
of the charged boosted black string. When σˆ = 0, the above result reproduces the one of
the charged black string obtained in [18]. The ω`=0+ solution branch has a positive imaginary
part for
kˆ < 1, (4.35)
which signals the Gregory-Laflamme instability [34, 35]. It turns out that the charge has no
effect on the critical wavenumber (kˆc = 1) of the threshold mode. Moreover, the imaginary
part of ω
(`=0)
+ decreases for a larger b0, indicating that the presence of charge weakens the
instability.
For kˆ = 0, the quasinormal normal condition leads to
ω
(kˆ=0)
0 = −ia0`, w(kˆ=0)± = −ia0(`− 1)±
√
(`− 1)(a20 − b20`). (4.36)
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Similar to the analysis for axisymmetric perturbation (m = 0) of the charged black ring,
these modes correspond to the decoupled vector and scalar modes of RN black hole on SD−2.
For ` 6= 0 and kˆ 6= 0, no unstable mode is found. Therefore for the charged boosted black
string, similar to the neutral case[36], the instability only exists in the S-wave (` = 0) sector.
As we explained above, the charged boosted black string is related to the large radius
limit of charged black ring once the boost velocity is specified to be σˆ =
√
1− 2b0. The
quasinormal modes on both sides should also be connected by such relation. Indeed, if we
take the large radius limit of the quasinormal modes ω`=0± of the charged black ring in (3.39),
we obtain
ω
(`=0)
± =
√
1− 2b0mˆ± imˆ
(√
a0 − b0 + b20 mˆ2 ∓ a0mˆ
)
. (4.37)
By identifying kˆ = mˆ, and using σˆ =
√
1− 2b0, we find that the result is identical to (4.34).
This relation holds for other modes as well.
5 Summary
In this paper, by using the large D effective theory of the black hole, we studied the
charged black holes in the Einstein-Maxwell theory. These black holes include the charged
black ring, the charged slowly rotating MP black hole and the charged slowly boosted black
string. According to the property of thin black ring obtained by the blackfold method at
large D and the effect of the charge on the string tension, it is believed that the large D
charged black ring belongs to the class of slowly rotating black holes with the horizon angular
velocity being of O(1/√D). Consequently the rotation can be treated perturbatively, which
makes the construction of the charged black ring possible.
After integrating out the radial direction of the Einstein-Maxwell equations, we obtained
the effective equations for the charged slowly rotating black holes. The charged black ring
were constructed analytically as the stationary solution with the embedding into flat space-
time background in the ring coordinate. We found that the presence of the charge lowers the
horizon angular velocity and the angular momentum, which is consistent with the intuition
that the charge provides repulsive force to against the string tension. By performing pertur-
bation analysis of the effective equations we obtained the QNMs of the charged black ring.
We found the GL-like instability for the non-axisymmetric perturbation when the charged
black ring is relatively thin. Moreover we noticed that the charge weakens the GL-like in-
stability. As byproducts, we constructed the charged slowly rotating MP black hole and the
charged slowly boosted black string via different embeddings, and studied their dynamical
instability. In different settings, the charge has different effects. For the slowly rotating black
ring, the charge lowers the angular momentum and weakens the instability. While for the
MP black hole, the charge also lowers the angular momentum and may enhance the insta-
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bility. For the slowly boosted black string the charge does not affect the angular momentum
but weakens the GL instability.
As we showed, the extremal black hole needs special consideration. It is a singular point
in the solution space, in the sense that the extreme point at the leading order requires
vanishing angular velocity. This is related to the fact that the rotation is very slow and the
leading order condition on the extremality gives constraint only on the charge 1− 4Q2 = 0,
which suggests that there must be no rotation at all. This is in accord with the cosmic
censorship. In order to discuss the near-extremal case, one has to take the extreme limit
properly. In the charged black ring case, the resulting spacetime may have a null singularity,
while in the charged black hole case, the spacetime seems to be regular.
The work in this paper can be extended in several directions. For example as discussed
in [16], for the neutral large D black ring the non-uniform black ring is suggested to be the
endpoint of the black ring evolution due to the instability. For the charged case the picture
could be similar. One can consider the numerical evolution of the effective equations to
find convincing evidence. Moreover, in [17], the elastic instability are found by adding 1/n2
correction to the effective equations, we believe such phenomena should occur in the charged
black ring as well. It would be interesting to investigate if the charge can weakens the elastic
instability. Another extension is to consider the black ring solution in the Lovelock theory.
If the rotation is still as small as the one in the Einstein theory, then the construction of
the corresponding black ring solution might be feasible. It would be interesting to study the
radiation of the black ring solution in the framework of membrane paradigm as well[38].
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